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In calculus learning, students often rely on procedural methods when
studying the first derivative, which limits their ability to grasp its deeper
conceptual meaning. This procedural focus represents a significant learning
challenge that needs to be addressed. This study aims to analyze students’
semiotic processes in interpreting or expressing the definition of the first
derivative using Peirce’s triadic framework, which emphasizes the
interrelation among the representamen, the object, and the interpretant.
A qualitative case study approach was employed with 21 mathematics
education students, using written tests and in-depth interviews with three
students who demonstrated the most complete semiotic competence.
Thematic analysis identified three categories of understanding:
comprehensive, partial, and pseudo. Results indicate that students with
comprehensive understanding can coordinate symbolic, visual, and verbal
representations, forming stable interpretants that conceive the derivative as
the slope of a tangent line or an instantaneous rate of change. In contrast,
students with partial or pseudo understanding exhibit fragmented semiotic
processes and a dominance of procedural approaches. These findings
provide important educational value by offering diagnostic insight into
students’ conceptual difficulties, informing instructional design that
integrates multiple representations, and supporting the development of more
valid assessment strategies that capture students’ conceptual understanding
beyond procedural performance.
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1. INTRODUCTION

Calculus is a fundamental mathematical tool that underpins various fields of study, with the concept
of the derivative serving as a central representation of the dynamics of change through function limits.
A deep understanding of derivatives is an essential prerequisite for analyzing variation phenomena in science
and engineering [1], making the role of calculus in higher education curricula crucial. The derivative enables
for precise measurement of the speed and direction of change in variables, which is fundamental to
engineering and economic modeling [2]. In physics, the application of derivatives facilitates calculations in
kinematics, such as velocity and acceleration [3], while in engineering, this concept is critical for analyzing
material elasticity and deformation [4]. However, despite its importance, many students experience difficulty
in truly understanding the definition of the first derivative beyond procedural manipulation, indicating a gap
between technical skill and conceptual comprehension.
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A profound understanding of the first derivative has been shown to significantly enhance students’
critical thinking and mathematical competences in tackling advanced topics [2], [5]. Yet, conventional
instruction often emphasizes procedural fluency over conceptual meaning, leaving students capable of
performing algebraic operations but struggling to articulate or interpret the underlying principles of the
derivative [6]. This gap highlights a specific educational problem that needs to be addressed.

Mathematical understanding is fundamentally semiotic, requiring students to coordinate multiple
representational systems and transition from embodied to symbolic thinking while interpreting rather than
merely perceiving mathematical symbols. Semiotics is the study of signs and meaning-making processes,
in which meaning is constituted through the relationship between the sign, the object, and the interpreter’s
interpretation [7]. Understanding students’ semiotic processes is therefore crucial not only for theoretical
insight but also for educational practice, as it enables educators to diagnose learning difficulties, design more
effective instruction, and develop assessments that capture students’ conceptual meaning-making rather than
mere procedural performance. Within Peirce’s triadic semiotic framework [8], the first derivative in calculus
can be conceptualized as a complex representamen (sign) that represents an object, namely the instantaneous
rate of change of a function. The success of mathematical meaning-making relies heavily on students’ ability
to construct accurate interpretants that connect algebraic representations with the intended functional
reality [9]. This sign connects the algebraic representamen with the object through the interpretant, a mental
concept that integrates mathematical symbols into functional reality [10]. Students’ cognitive success in
mastering calculus largely depends on their ability to form the right interpretants, ensuring that the learning
process extends beyond mechanical procedures to real-world applications [11].

Furthermore, ideal meaning-making in calculus occurs when students actively engage with the
object represented by the sign, which is crucial for applying concepts across disciplines [12]. An instructional
approach that integrates Peirce’s semiotic theory is projected to have a positive impact on foundational
calculus understanding and problem-solving effectiveness in everyday life. From this perspective, therefore,
the first derivative should be viewed as a complex entity requiring critical analysis and deep thinking to
enhance students’ ability to solve problems in various fields [13].

However, in practice, a disconnect often occurs in students’ mathematical semiosis processes. Many
students demonstrate high procedural ability in manipulating algebraic symbols but struggle to construct
a coherent interpretation when asked to express the meaning of the definition. This phenomenon indicates
a primary obstacle in mastering the first derivative definition, reflected in students’ preference for symbolic
manipulation over intrinsic meaning understanding [14], creating a cognitive disconnection from the
underlying mathematical concepts [15]. An overemphasis on procedural steps without geometric context
understanding leads to misconceptions in the application of complex calculus concepts [16], [17].
Consequently, it is imperative to investigate how instructional approaches can better support students in
bridging procedural knowledge and conceptual understanding through semiotic processes [18].

Students’ difficulties in interpreting the relationship between differential ratio limits and graphic
representations reflect translational barriers between semiotic systems, especially when transitioning from the
symbolic realm to the visual representations. This impedes the assimilation of abstract concepts, as students
are unable to navigate representations flexibly [19]. Deficits in constructing consistent representations often
stem from insufficient instructional scaffolding, leading students to become trapped in symbolic formalism
without integrating numeric or geometric meaning [20].

Although calculus is recognized as critical in various fields, there remains a gap in the literature
regarding how students establish semiotic relationships between algebraic procedures and functional
meaning. Most existing studies focus on students’ procedural errors or general conceptual difficulties,
but few explicitly examine how meaning is constructed through the interaction of representamen, object, and
interpretant within Peirce’s triadic framework. However, these studies do not explicitly examine how
mathematical meaning is constructed through the interaction of representamen, object, and interpretant.
As a result, detailed insights into students’ semiotic processes remain limited. This study employs Peirce’s
triadic semiotic framework to analyze the formation of interpretants in students’ understanding of the first
derivative concept. This study advances existing research by providing a more detailed analysis of students’
meaning-making processes beyond procedural and general conceptual perspectives. The novelty of this study
lies in its systematic analysis of students’ semiotic coherence across symbolic, visual, and verbal
representations, providing a deeper explanation of how conceptual understanding emerges or fails to emerge
in calculus learning.

Unlike previous studies that mainly examine procedural errors or general conceptual understanding,
this study explicitly applies Peirce’s triadic semiotic framework to systematically analyze students’ meaning-
making processes across symbolic, visual, and verbal representations. The focus of this study is not only on
procedural errors but also on translational barriers between semiotic systems that lead to cognitive
disconnection. This study is crucial as a theoretical foundation for pedagogical reorientation that aligns
symbolism with integrative conceptual understanding, supporting the development of scientific literacy in
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higher education. Accordingly, this study addresses the following research question: how do students
interpret or express the meaning of the first derivative definition based on the triadic relationship among
representamen, object, and interpretant? Using Peirce’s semiotic theory, this study aims to uncover the depth
of students’ understanding in interpreting or expressing the meaning of the first derivative definition.

Understanding the first derivative conceptually requires integrating symbolic and visual meanings
within a coherent semiotic process. Bakker and Hoffmann [21] showed that diagrams serve as semiotic
systems for reasoning about change, while Radford [22] highlighted the role of multiple representational
systems in constructing mathematical meaning. However, few studies examine the coherence of students’
semiotic processes in understanding the formal definition of the first derivative within Peirce’s framework.
This study addresses this gap by analyzing how students construct representamen, object, and interpretant in
developing this understanding.

2. METHOD
2.1. Research design

This research employs a qualitative approach with a case study method to examine the semiotic
processes students undergo in interpreting or expressing the meaning of the first derivative definition.
Through in-depth analysis of the symbolic, verbal, and graphical representations used by students,
the research revealed how conceptual understanding is formed through interaction with formal mathematical
notation. Data analysis is grounded in Peirce’s semiotic theory to provide a more comprehensive
understanding of students’ conceptual understanding of the first derivative definition.

2.2. Participants

This study involves 21 fourth-semester students from the Mathematics Education at Universitas
Islam Negeri Sayyid Ali Rahmatullah Tulungagung who have completed a calculus course and possess
a basic understanding of derivatives. The participants were selected using purposive sampling, with the
criteria that they had completed a calculus course and had prior exposure to the formal definition of the
derivative. This sampling approach was chosen to ensure that participants possessed sufficient foundational
knowledge to engage in semiotic interpretation processes. The students completed a written test consisting of
two questions on the first derivative definition, as shown in Figure 1, individually and simultaneously.
Students’ responses were analyzed for completeness, consistency, and the presence of semiotic elements.
Subsequently, three students were selected for in-depth interviews based on specific criteria: i) completeness
and consistency of written test responses; ii) presence of all semiotic elements (representamen, object, and
interpretant) in their answers; and iii) good written and oral communication skills. This purposive selection
ensured that participants could provide rich data reflecting diverse semiotic processes while maintaining
reliability of interpretation.

1. Write the definition of the first derivative of the function f that represents the rate of change of the function’s value with respect
to the variable x, or geometrically, the slope of the tangent line to the curve y = f(x) at a specific point. Then, provide an
explanation in sentence form along with a visual illustration!

2. Please refer to the following figure!

¥

Based on the definition of the first derivative in question 1, find the equation of the tangent line to the function f at the point (2,3)!

Figure 1. Test sheet on the definition of the first derivative
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2.3. Instruments

The research instruments include the researcher as the primary instrument, supported by a test sheet
and interview guidelines. To ensure content validity, the test items and interview guidelines were reviewed
by two experts (mathematics and mathematics education) and revised based on their feedback. The test sheet
contains two questions on the first derivative definition and is used to assess students’ abilities to interpret or
express its meaning, as shown in Figure 1. The interview guidelines are used to further explore students’
semiotic processes after the written test.

The instruments were designed to capture multiple semiotic dimensions of students’ understanding.
The questions on the test sheet, as shown in Figure 1, are designed to uncover students’ semiotic processes.
The first question assesses students’ ability to write the notation and definition of the first derivative and to
explain it through symbolic, visual, and verbal representations. The second question assesses students’ ability
to apply the definition of the first derivative to determine the derivative and the equation of the tangent line.
The two questions refer to the research indicators outlined in Table 1, which are based on Peirce’s semiotic
theory.

Table 1. Research indicators based on Peirce’s semiotic theory
Semiotic elements Indicator
Representamen Students are able to: i) write the notation for the first derivative; ii) write and read (according to its meaning)
the definition of the first derivative; and iii) draw a graph sketch and explain the illustration of the first
derivative definition.
Object Students are able to: 1) explain the notation for the first derivative; ii) explain the symbols of the first derivative
definition; iii) explain the concept of the secant line or chord; iv) explain the concept of the tangent line; and
v) explain the concept of the gradient or slope of the line.
Interpretant Students are able to: i) explain the meaning (interpret) of the first derivative definition both analytically and
graphically; ii) apply the definition of the first derivative to compute the first derivative; and iii) explain the
algebraic process of calculating the first derivative.

2.4. Data collection procedures

Data were collected through written tests and in-depth interviews [23]. The data collection process
was conducted in two stages. First, students completed a written test individually under controlled classroom
conditions. Second, selected participants were invited for semi-structured interviews guided by probing
questions designed to explore their reasoning processes in depth. All interviews were audio-recorded and
transcribed to ensure data accuracy. Written test responses were classified based on completeness,
consistency, and the presence of Peirce’s semiotic elements. The 21 students completed a written test on the
formal definition of derivative for 120 minutes, which was conducted in the classroom. Interview participants
were selected following the criteria described in section 2.2. For each selected participant, the interview was
conducted in one session lasting 90 minutes in a private interview room. The interview focused on exploring
students’ semiotic processes in interpreting or expressing the first derivative definition, with prompts
designed to elicit symbolic, visual, and verbal representations systematically.

2.5. Data analysis

Data analysis began with transcribing interview results, followed by a coding process to identify
major themes [24]—-[26]. The coding procedure involved several steps: i) organizing data according to each
semiotic element (representamen, object, interpretant); ii) labeling segments of text, drawings, and verbal
explanations; iii) grouping codes into categories reflecting patterns in students’ semiotic processes; and
iv) identifying themes that describe the formation of conceptual understanding. The coding scheme was
developed deductively based on Peirce’s semiotic elements and inductively refined during analysis.
To ensure reliability, the researchers conducted independent coding, and any discrepancies were discussed
until consensus was reached. Inter-coder agreement was used to strengthen the validity of the findings.
An example of the coding process is provided in Appendix to illustrate how students’ responses were
categorized into semiotic elements and levels of understanding.

Indicators of semiotic elements as shown in Table 1 were applied at each stage of coding to ensure
systematic interpretation. To enhance reliability and validity, data were cross-checked through peer review of
coding, triangulation between written and interview data, and member checking with participants to confirm
interpretations. The final thematic analysis focused on how students coordinate symbolic, visual, and verbal
representations to construct coherent understanding of the first derivative definition, highlighting the interplay
of representamen, object, and interpretant in line with Peirce’s triadic semiotic framework [24]-[26].
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3.  RESULTS AND DISCUSSION

Based on the written test results from 21 students, 10 students (47.62%) were able to answer all
questions, while 11 others (52.38%) only answered one question. Further analysis showed that only six
students (28.57%) provided complete and consistent responses. Among these six students, only three
(14.29%) exhibited complete semiotic elements, not only writing symbols and mathematical procedures
(representamen), but also linking them to the referenced concepts (objects) and explaining the conceptual
meaning of these symbols (interpretants). These three students were selected for interviews, as shown in
Figure 2, to explore their semiotic processes in more depth.

< y
TOTAL \ /
STUDENTS  \ /
N=21) O\ 4
QUESTION \ O R, ANSWERED ALL @ ANSWERED ONLY
\ ID Students ONE QUESTION:
COMPLETION \ ( a7.62%) / 11 Students (52.38%)
espoNsE
CONSISTENCY 6 Students (28.57%)
FULL SEMIOTIC REPRESENTATION:
3 Students (14.29%)

@09 ®

SELECTED FOR

(Conceptual Meaning)

(Symbos, Procedures) (hevelen:ea
oncepts)

These 3 students are selec(ed for further depth interviews.

Figure 2. Visualization and analysis of students’ semiotic performance

3.1. Results

Based on the written test results from 21 students, six demonstrated consistent and complete
responses in the written test. Among them, three students exhibited full semiotic elements and were selected
for follow-up interviews. This selection allowed the study to focus on variations in semiotic understanding of
the first derivative. Each subject also demonstrates a different approach in interpreting or expressing their
understanding of the first derivative definition. There are three categories of semiotic ability in interpreting or
expressing the meaning of the first derivative definition, as presented in Table 2.

Table 2. Categories of semiotic ability regarding the meaning of the first derivative definition

No.  Category of ability Description Example response
1 Comprehensive Students are able to correctly express the formal “The first derivative is defined as the limit of the
definition of the first derivative symbolically and difference quotient and represents the slope of
consistently interpret it as the instantaneous rate of the tangent line at a point, indicating the
change or the slope of the tangent line. instantaneous rate of change.”
2 Partial Students are able to express the formal definition of  «The derivative is the limit of 2%H2=7® 4nd is
the first derivative symbolically, but their h .
. . vatv ymoolicaly,  bu related to the concept of the tangent line;
interpretation of its meaning is still limited and : . .
. . however, understanding of the relationship
does not show integration between the symbols and . .
between the secant line and the tangent line
the concept. TR
remains limited
3 Pseudo Students are able to write the formal definition of foAh) — ()

the first derivative symbolically, but do not
demonstrate conceptual understanding of the
meaning of the instantaneous rate of change
contained within it.

“The derivative is expressed as a lim B

without further conceptual explanation.”

3.1.1. Semiosis at the representamen stage
There is a clear variation in students’ ability to express the definition of the first derivative through
symbolic, visual, and verbal representations. Subject 1 (S1), representing comprehensive ability, is able to
write the symbol f' as the derivative of the function f. S1 write the definition of the first derivative as the
slope of the tangent line symbolically, and explain the meaning of each symbol used, as shown in Figure 3.
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Figure 3. S1°s response regarding the notation of the first derivative definition

S1 is also able to represent the concept visually through a Cartesian plane, the function curve,
the secant line or chord, and the tangent line. However, the slope triangle is not explicitly depicted and some
hesitation appears when explaining the process of drawing the function curve. This visual representation of
the concept is shown in Figure 4.

Hevh)

£lo)

Figure 4. Illustration of the first derivative definition by S1

Subject 2 (S2) representing partial ability, is also able to write the derivative symbol and the
definition of the first derivative symbolically, as shown in Figure 5. However, S2 has not yet been able to
explain the meaning of these symbols adequately. Visually, S2 can depict the curve, secant line, and tangent
line, but most elements are not labeled, as shown in Figure 6, and hesitation and confusion are evident during
the explanation.

Mo S Miee s 4o €00t - £(x)
h

Figure 5. S2’s response regarding the notation of the first derivative definition

Figure 6. Illustration of the first derivative definition by S2

Meanwhile, subject 3 (S3), representing pseudo ability, demonstrates only limited skill in basic
symbolic representation. S3 only writes the derivative symbol and the formal definition of the derivative, as
shown in Figure 7, but is unable to represent the secant line, tangent line, or slope triangle, as shown in
Figure 8. S3 also appears confused and forgets the basic concepts when explaining the function curve
diagram.
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Figure 7. S3’s response regarding the notation of the first derivative definition
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Figure 8. Illustration of the first derivative definition by S3

The research analysis shows that students’ understanding of the first derivative definition is strongly
influenced by the completeness and coherence of the semiotic process in coordinating symbolic, visual, and
verbal representations. Students with comprehensive ability are able to consistently integrate these three
representations, forming stable interpretants that reflect a conceptual understanding of the first derivative.
In contrast, students with partial and pseudo abilities exhibit fragmented semiosis, characterized by weak
connections between representations, which leads to an incomplete understanding of the first derivative
concept and a tendency towards a procedural approach.

3.1.2. Semiosis at the object stage

In the object element, the differences in students’ conceptual understanding become more apparent.
S1 is able to connect the representations used with the mathematical objects referred to, such as the meaning
of f(x) as the original function and f'(x) as its derivative, as shown in Figure 3, the explanation of the
points P = (¢, f(c)) and Q = (¢ + h, f(c + h)), and the role of the secant line as an approximation to the
tangent line, as shown in Figure 4. S1 is also able to explain how to determine the slope of the line by
forming a right triangle through these points. S2 demonstrates partial understanding of the object, being able
to explain the function and its derivative, as well as recognizing the existence of two points on the curve.
However, S2 is unable to explain these points clearly and often hesitates when explaining the meaning of the
secant and tangent lines. Meanwhile, S3 can only explain the function and its derivative in general terms but
does not understand the existence of points on the curve, cannot explain the meaning of the secant and
tangent lines, and is unable to explain how to determine the slope of the line, both in the written test and the
interview.

The research analysis indicates differences in the level of mastery of the derivative concept,
reflected in students’ ability to relate symbolic, visual, and procedural representations to the mathematical
objects. Students with comprehensive understanding are able to establish a consistent connection between
derivative notation, points on the curve, secant lines, and tangent lines, and explain the procedure for
determining the slope of the line accurately, thus demonstrating deep conceptual integration. In contrast,
students with partial understanding can recognize only a few key elements but still struggle to explain the
relationship between representations and objects fully. Meanwhile, students with limited (pseudo)
understanding grasp the concept only in general terms, without connecting the representations to conceptual
meaning, resulting in a fragmented understanding.

3.1.3. Semiosis at the interpretant stage

The differences in the quality of meaning-making of the first derivative are most significant in the
interpretant element. S1 is able to interpret the transition of the secant line or chord into the tangent line as
a representation of the concept of limit, and to interpret the slope of the tangent line as the core of the first
derivative definition (Figure 4). This interpretation is also reflected in the second question, as shown in
Figure 9, where S1 can explain the process of determining the slope of the tangent line and formulating the
equation of the tangent line, although some hesitation remains at the algebraic manipulation stage.
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Meanwhile, S2 has not yet been able to build a complete interpretant, as S2 cannot explain the
meaning of the transition of the secant line to the tangent line as a concept of limit, and have not been able to
link the slope of the tangent line to the derivative definition conceptually. Although S2 has started to
illustrate the definition of the first derivative in Figure 6. In the second question, as shown in Figure 10,
S2 can explain the procedure for determining the slope and the equation of the tangent line, but the
explanation proceeds slowly, is often interrupted, and is accompanied by confusion.
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Figure 9. S1°s response regarding the application of the first derivative definition
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Figure 10. S2’s response regarding the application of the first derivative definition

On the other hand, S3 has not been able to build a meaningful interpretant in either the first or
second question. S3 cannot explain the concept of limit in the context of the secant and tangent lines, nor
understand the meaning of the slope of the tangent line, even though S3 has successfully created an
illustration of the first derivative definition in Figure 8. Additionally, S3 remains uncertain and depends on
the scaffolding provided by the researchers when explaining the process of determining the derivative and the
equation of the tangent line, as shown in Figure 11.

Scaffolding by the researcher
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Figure 11. S3’s response regarding the application of the first derivative definition
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The research analysis shows that the subjects’ understanding of the first derivative is strongly
influenced by their ability to build an interpretant, that is, to integrate visual, symbolic, and procedural
representations with conceptual meaning. Subjects with comprehensive ability can interpret the transition
from the secant line to the tangent line as a representation of the limit and understand the slope of the tangent
line as the core of the derivative definition. In contrast, subjects with partial ability build only partial
interpretants, while subjects with pseudo ability fail to build meaningful interpretants and remain highly
dependent on the researchers’ scaffolding. Overall, the subjects’ semiotic abilities in interpreting or
expressing the meaning of the first derivative definition can be visualized in Figure 12.
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Figure 12. Semiotic process of meaning-making the first derivative definition

3.2. Discussion

The purpose of this study is to analyze students’ conceptual understanding of the first derivative
definition beyond procedural symbolic mastery. By using Peirce’s triadic semiotic framework—
representamen, object, and interpretant [8], these findings show that three participants who provided
complete semiotic elements could express the formal definition of the first derivative symbolically. However,
their ability to represent the definition visually and explain it verbally varies, which classifies them into
comprehensive, partial, and pseudo semiotic abilities.

First, students with comprehensive ability not only express the first derivative symbolically but also
integrate it with conceptual meaning, such as interpreting the slope of the tangent line. These students not
only write the mathematical notation correctly but also connect the symbol to its conceptual meaning in
geometric and physical contexts, such as understanding the slope of the tangent line on a curve or the rate of
change of a function at a particular point. This indicates that these students have a comprehensive
understanding, not only procedural, but also conceptual, of the first derivative concept.

This finding aligns with the research of Borji ef al. [27], which shows that the use of technology-
based approaches, such as the ACE cycle with Maple software, can enhance students’ understanding of the
derivative concept, particularly in relation to rate of change and mathematical symbolism. The relational
approach, which emphasizes the connection between the derivative and the slope of the tangent line, as
highlighted by Sahin et al. [28], also supports the finding that geometric interpretation can strengthen
students’ conceptual understanding. Furthermore, the rigorous mathematical thinking (RMT) approach
applied by Hidayat et al. [29] demonstrates that students engaged in deep mathematical thinking activities
tend to internalize abstract concepts such as derivatives more effectively. The use of multiple semiotic
representations—including graphical, symbolic, and verbal modes—has been shown to facilitate this
integration of conceptual understanding [30]-[32]. Dynamic semiosis, in which the interpretation of one sign
becomes the representamen for the next, also supports students’ ability to link symbols to conceptual
meaning [33], [34]. The use of interactive technology, such as GeoGebra, as noted by Illanes et al. [35],
is also consistent with this finding, as graphic and symbolic representations help students build connections
between symbols and the mathematical objects they represent. Overall, these findings suggest that symbolic
mastery, coupled with conceptual interpretation, is not a coincidence but rather the result of a learning
approach that integrates technology, mental models, and active teaching strategies, which strengthen
students’ understanding of derivatives.
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Second, students with partial ability can write the first derivative symbolically but fail to fully
integrate it with conceptual meaning, reflecting a partial interpretant. This condition aligns with previous
research reporting that students are generally able to perform formal tasks related to derivatives through
symbolic, graphic, or contextual representations, but still face difficulties in coordinating and linking these
representations coherently [35]. This difficulty is consistent with the challenges in coordinating multiple
semiotic representations, as students struggle to integrate graphical, symbolic, numerical, and verbal modes
meaningfully [30], [31]. This difficulty is also reflected in students’ inability to conceptually differentiate
between differentiation and integration, which indicates a weak integration of symbolic understanding into
a broader conceptual framework [36]. This phenomenon is closely related to the symbol-grounding problem,
in which students fail to connect symbolic or numerical representations with the underlying conceptual
meaning [37], [38].

Additionally, students’ performance often shows a clear gap between symbolic proficiency and
conceptual understanding. While students can represent problem situations visually, they are not yet able to
use symbolic representations meaningfully and effectively in problem-solving processes [39]. This indicates
that success in producing mathematical symbols does not automatically reflect an understanding of their
meaning in both theoretical and applied contexts. In line with this finding, Oliveira and Lopes [40] reveal that
the mismatch between conceptual images and the operational definition of functions often triggers
misconceptions in students’ understanding of derivatives and their characteristics. Semiotic scaffolding and
the use of bridging representations are strategies suggested in the literature to address this gap [31], [41].

Based on these findings, it can be concluded that a systematic learning approach is needed to bridge
the gap between symbolic representation and deep conceptual understanding. Efforts to address this
conceptual gap require an emphasis on building a conceptual foundation before introducing formal
symbolism, allowing students to internalize the meaning of mathematical symbols comprehensively [42].
This approach is supported by various studies showing that learning strategies integrating definitions,
symbols, graphic representations, and real-world contexts, including the use of dynamic media such as
GeoGebra, can enhance retention, coherence of understanding, and the quality of students’ mathematical
concept mastery in a holistic and meaningful way [35], [36], [40].

Third, students with pseudo ability can write the derivative symbolically but fail to construct
meaningful interpretants, demonstrating procedural competence without conceptual understanding. This
condition indicates a cognitive gap between mastery of symbolic notation and conceptual interpretation,
causing students to display procedural competence without fully understanding the essence of the derivative
concept. This gap emphasizes the need for further investigation into the learning approaches that can bridge
the relationship between mathematical symbols and the conceptual meaning they represent.

This phenomenon is consistent with the concept of pseudo-understanding in mathematics education,
where students can reproduce definitions and algorithms accurately but fail to grasp the underlying meaning.
For example, students may state the formal definition of the first derivative as the limit of the ratio of the
change in the function’s value to the change in the independent variable as the change approaches zero [43],
but often fail to interpret this formalism in an applied context, such as the meaning of the instantaneous rate
of change [44]. This limitation is consistent with literature emphasizing procedural dominance and pseudo-
understanding, where semiosis halts at the symbolic level, preventing conceptual connections [30], [34], [45].
This limitation indicates weak conceptual understanding because students are unable to relate the formal
definition to the concrete idea of change. Previous studies also emphasize that difficulties in linking the
symbolic representation of derivatives to real-world contexts affect students’ ability to solve conceptual
problems and can even create epistemological barriers in the learning process [43], [44]. Using Peirce’s
triadic framework to analyze representamen, object, and interpretant can guide interventions that bridge
symbolic mastery with conceptual understanding [34], [45].

These findings suggest that educational strategies should leverage students’ semiotic processes to
strengthen derivative learning. By integrating visual, symbolic, and applied contexts, including technology-
based tools such as dynamic geometry software and online platforms [46], [47], teachers can facilitate
conceptual integration, reduce pseudo-understanding, and promote meaningful comprehension of derivatives.
Explicit scaffolding that connects symbolic notation to conceptual meaning is critical in designing effective
calculus instruction. For instructional practice, teachers are encouraged to design learning activities that
explicitly connect symbolic, graphical, and verbal representations, for example through tasks that require
students to explain the meaning of derivative concepts using multiple representations. In terms of curriculum
design, it is recommended that calculus curricula incorporate semiotic-oriented learning sequences that
progressively develop students’ ability to construct interpretants, rather than focusing solely on procedural
fluency. With regard to assessment, educators should include tasks that evaluate students’ ability to interpret
and explain mathematical meaning, not only compute results, in order to capture deeper conceptual
understanding.
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The limitation of this study concerns the time gap between the written test and the follow-up
interviews. The data collection for the written test and the interviews was conducted with an interval of
approximately one-week. This time lag may have introduced potential information bias in the responses
provided by the interview participants. It is possible that the participants were no longer able to recall
accurately the reasoning behind their written answers due to the elapsed time. Therefore, future studies are
recommended to collect data simultaneously for both the written responses and the participants’ underlying
reasoning. One possible approach is to implement a think-aloud strategy, in which students are asked to
complete the written test while verbalizing their thought processes. These verbalizations can be audio-
recorded to capture more immediate and authentic data. By employing the think-aloud technique during the
written test, the potential for data bias may be reduced. In addition, this study is limited by the fact that the
participants were drawn from a single university, which may restrict the generalizability of the findings.
The qualitative case study design also emphasizes depth rather than breadth; therefore, the results should be
interpreted within the specific context of the participants involved.

4. CONCLUSION

This study concludes that students’ understanding of the first derivative definition heavily depends
on the completeness of the semiotic process within Peirce’s triadic framework, which includes
representamen, object, and interpretant. The study highlights that using Peirce’s framework provides
a theoretical lens to analyze students’ conceptual understanding beyond procedural mastery, revealing how
semiotic integration can contribute to more meaningful learning in calculus. The results reveal three
categories of students’ semiotic abilities: comprehensive, partial, and pseudo, reflecting differences in the
quality of coordinating symbolic, visual, and verbal representations in building conceptual meaning of the
first derivative concept. Students with comprehensive ability are able to correctly express the formal
definition of the first derivative symbolically, consistently link it with the referenced mathematical object,
and build stable interpretants, understanding the derivative as the instantaneous rate of change or the slope of
the tangent line. The completeness of the semiotic process in this category demonstrates a strong conceptual
integration among symbols, objects, and meaning, resulting in a conceptual and relational understanding,
rather than merely procedural knowledge. In contrast, students with partial and pseudo abilities show
fragmented semiosis processes. Students in the partial category are only able to build limited connections
between representations and mathematical objects, resulting in partial interpretants. Meanwhile, students in
the pseudo category tend to master formal symbolic representations without adequate conceptual
understanding, failing to build meaningful interpretants and relying heavily on external assistance.

These findings imply that Peirce’s triadic semiotic theory provides an effective analytical
framework for uncovering the depth and quality of students’ understanding calculus concepts, particularly in
distinguishing comprehensive, partial, and pseudo understandings of the first derivative definition. This study
also implies the need for calculus instruction that is explicitly designed to facilitate the integration of
symbolic, visual, and conceptual representations, as well as to encourage the formation of meaningful
interpretants. The use of dynamic learning technologies, such as GeoGebra, has the potential to support
a more complete and coherent semiotic process, thereby reducing the tendency toward procedural
understanding and pseudo-understanding, while improving the quality of students’ conceptual understanding
of the first derivative concept. From a practical perspective, this study emphasizes the importance of
instructional design that explicitly facilitates semiotic integration through the use of multiple representations
and guided meaning-making processes. Lecturers and curriculum developers are encouraged to focus not
merely on procedural aspects but also on students’ interpretive abilities and conceptual understanding.

This study is limited by the approximately one-week interval between the written test and the
follow-up interviews, which may have introduced recall bias in participants’ explanations. Future studies are
recommended not only to collect written responses and reasoning simultaneously through a think-aloud
strategy, but also to explore students’ semiotic processes across different learning contexts, instructional
designs, and mathematical topics. Such investigations could provide deeper insights into how semiotic
integration develops in diverse educational settings and how teaching strategies can be optimized
accordingly. In addition, this study is limited by the fact that the participants were drawn from a single
university. Therefore, future research should involve a larger and more diverse group of participants, employ
experimental or design-based research approaches, and examine semiotic processes across various
mathematical topics and different educational levels.
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APPENDIX

Detailed coding scheme and sample data

I. Coding framework
The coding process in this study follows a two-stage procedure:
1. Open coding: identifying segments of students’ written and verbal responses related to semiotic

elements (representamen, object, and interpretant).

2. Axial coding: categorizing these segments into levels of understanding (comprehensive, partial, and

pseudo) based on the coherence and integration of semiotic elements.

II. Sample verbatim responses and coding

Data Verbatim response Semiotic Open code Axial code Category
source element
Written “The first derivative is the limit of =~ Representamen Correct use of Accurate symbolic ~ Comprehensive
test(81) [ =JC o9 b approaches derivative representation
h definition
zero.
Written “It represents the slope of the Object Interpretation as Conceptual Comprehensive
test (S1) tangent line at a specific point on tangent slope meaning of
the curve.” derivative
Interview  “When the secant line keeps Interpretant Linking limit to Coherent Comprehensive
(S1) getting closer to a point, it tangent concept integration of
becomes the tangent line, which representations
shows instantaneous change.”
Written “The derivative is lim  Representamen Correct formula Procedural Partial
test (S2) [ =FC) 5 without knowledge only
h explanation
Interview  “It is related to the tangent line, Interpretant Incomplete Partial conceptual Partial
(S2) but I still do not understand how explanation connection
the process works.”
Written i LEHR) = £ G Representamen Symbol only No conceptual Pseudo
test (S3) h meaning
Interview  “I do not really understand what it Interpretant No interpretation Absence of Pseudo
(S3) means.” meaning-making

III. Coding interpretation criteria
1. Comprehensive: responses demonstrate coherent integration of representamen, object, and
interpretant.

2. Partial:

responses

interpretation.
3. Pseudo: responses are limited to symbolic expressions without meaningful interpretation.
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