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 Assessing higher-order thinking skills (HOTS) in mathematics education 

remains challenging because available instruments often measure critical 

thinking (CT), creative thinking (CrT), and problem-solving (PS) separately, 

limiting a coherent evaluation of their interrelated nature. This study 

developed and empirically validated an integrated set of quality indicators 

for HOTS assessment using a mixed-methods design. In the qualitative 

phase, focus group discussions (FGDs) with five experts in mathematics 

education and educational evaluation generated theory-driven indicators 

grounded in instructional practice. In the quantitative phase, 70 participants 

(university lecturers, secondary school teachers, and undergraduate students) 

were selected through stratified purposive sampling to evaluate the 

indicators. An exploratory factor analysis (EFA) was performed using 

principal axis factoring with varimax rotation, and factorability was 

confirmed using Kaiser-Meyer-Olkin (KMO) and Bartlett’s test of 

sphericity. The results showed satisfactory construct validity (KMO=0.75; 

Bartlett’s p<0.001) and acceptable factor loadings (≥0.50), supporting a 

stable multidimensional HOTS structure aligned with theoretical 

expectations. The validated indicators provide a practical measurement 

framework to support cognitively demanding mathematics instruction and 

serve as a foundation for subsequent confirmatory factor analysis (CFA) in 

larger, more diverse samples. 
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1. INTRODUCTION 

In the context of 21st-century education, the cultivation of higher-order thinking skills (HOTS)  

[1]–[4], comprising critical, creative, and problem-solving (PS) abilities [5], has emerged as a central 

objective for fostering learners’ intellectual autonomy, adaptability, and lifelong learning capacity [6]–[8]. 

These cognitive competencies enable individuals not merely to retrieve factual knowledge but to engage in 

abstract reasoning, synthesize information from diverse sources, and develop innovative solutions to new and 

complex problems. Within mathematics education, HOTS are particularly indispensable [9]–[11], as 

mathematical proficiency transcends algorithmic execution toward conceptual understanding [12], [13], 

analytical reasoning [14], [15], and the creative application of principles to real-world contexts [16]–[18]. 

Despite the widespread acknowledgment of their importance, contemporary assessment systems 

remain limited in their capacity to capture the multidimensional and interactive nature of HOTS [19], [20]. 

https://creativecommons.org/licenses/by-sa/4.0/
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Traditional examinations tend to prioritize procedural accuracy and factual recall over inferential reasoning 

or metacognitive engagement. Consequently, they provide only a partial representation of students' cognitive 

capabilities [21], [22], obscuring their ability to transfer knowledge [23]–[26] and reason flexibly across 

problem contexts [27]–[29]. This diagnostic insufficiency limits educators' capacity to design instructional 

strategies that nurture higher-order reasoning, reflective judgment, and creative PS. 

Over the past two decades, several theoretical frameworks have been proposed to conceptualize 

HOTS. Ennis’s framework, critical thinking (CT) refers to reasoned and reflective thinking used to decide 

what to believe or what to do [30]. Ennis operationalizes CT into core components: interpretation, analysis, 

evaluation, inference, and self-regulation. His framework emphasizes epistemic justification, argument 

evaluation, and reflective judgment, and has been widely adopted in educational assessment research. Ennis's 

model has informed numerous standardized instruments that assess students' abilities to analyze arguments, 

identify assumptions, and draw evidence-based conclusions. 

In contrast, Torrance’s creative thinking (CrT) framework conceptualizes creativity through four core 

dimensions: fluency, flexibility, originality, and elaboration [31]. Torrance operationalized these dimensions 

through the Torrance tests of creative thinking (TTCT), which remain among the most widely used creativity 

assessments globally. His work emphasizes divergent thinking processes, idea generation, and imaginative 

transformation. While Torrance’s framework has been influential, critics argue that it focuses primarily on 

ideational production rather than domain-specific PS, particularly in mathematical contexts. 

Similarly, Krulik and Rudnick [32] PS model conceptualizes PS as a structured cognitive process 

comprising four stages: reading and exploring, planning, implementing strategies, and reflecting. This 

framework emphasizes metacognitive regulation, the use of heuristic strategies, and reflective evaluation. 

Krulik's model has been widely applied in mathematics education to design instructional interventions and 

assessment rubrics for PS proficiency. 

Building on and extending these classical frameworks, research by [33], [34] proposed an 

integrative HOTS framework specifically tailored to mathematics education. Unlike Ennis, Torrance, and 

Krulik [35], [36], who developed domain-general models, this study conceptualizes HOTS as an 

interconnected triadic construct comprising CT, CrT, and PS, which operate synergistically within 

mathematical contexts. Their framework integrates evaluative reasoning, generative ideation, and strategic 

PS processes into a unified cognitive system [37]–[39]. This study's empirical studies demonstrate that these 

dimensions are not independent but dynamically interact during mathematical reasoning tasks, thereby 

offering a more ecologically valid representation of students' cognitive processes in mathematics learning. 

However, despite the conceptual richness of this study's framework, existing studies remain limited 

in the number of psychometrically validated measurement instruments that operationalize this integrated 

model. Most current tools still assess CT, creativity, and PS separately, in isolation [40]. This fragmentation 

risks oversimplifying HOTS and neglecting their interactive nature. 

To address this theoretical and methodological gap, the present study develops a comprehensive set 

of quality indicators for assessing HOTS, grounded in cognitive theory and empirically validated. Drawing 

explicitly on CT taxonomy, CrT dimensions, and PS stages [41], [42] while integrating them within this 

study unified framework this study conceptualizes HOTS as an interrelated triad of cognitive processes: CT 

as the evaluative core, CrT as the generative mechanism, and PS as the integrative application of both. The 

proposed indicators are designed to capture these dimensions through observable, measurable behaviors in 

mathematics learning environments. 

This study aims to develop and validate a set of quality indicators for assessing HOTS in 

mathematics education. Specifically, the study seeks to: i) identify theoretically grounded HOTS indicators 

derived from established cognitive and educational frameworks, and ii) empirically evaluate the construct 

validity and reliability of these indicators using rigorous psychometric methods. Accordingly, the study is 

guided by the following research questions: 

− Which indicators validly represent HOTS in mathematics learning contexts? 

− To what extent do these indicators demonstrate satisfactory construct validity and reliability? 

By positioning HOTS measurement at the intersection of cognitive theory, psychometric validation, and 

pedagogical feasibility, this study adopts a mixed-methods design integrating qualitative synthesis (expert 

FGDs) and quantitative validation (confirmatory factor analysis). The findings are expected to contribute a 

theoretically coherent and empirically robust measurement framework, providing a foundation for more 

equitable, reflective, and intellectually demanding mathematics learning practices. 

 

 

2. METHOD 

2.1. Study design 

This study adopted a sequential exploratory mixed-methods design, integrating qualitative 

exploration through FGDs and quantitative validation using structural equation modeling (SEM) with 
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LISREL [43], [44]. The qualitative phase aimed to generate theoretically grounded indicators for measuring 

HOTS, while the quantitative phase empirically tested their validity and reliability. This design was chosen to 

ensure both conceptual depth through expert elicitation and empirical rigor through statistical verification, 

aligning with the psychometric standards of instrument development in educational psychology. 

 

2.2. Participants and sampling 

Participants for the FGDs were purposively selected based on their recognized expertise and 

scholarly engagement with HOTS in mathematics education. The experts were purposively selected based on 

the following criteria: i) demonstrated academic or professional expertise in mathematics education and 

educational evaluation; ii) had more than 20 years of teaching experience of associate professor or full 

professor; and iii) had prior experience in instrument review, research, or professional practice relevant to the 

topic of the study. A total of five experts who met these criteria were invited to evaluate the instrument.  

The expert panel consisted of five academics: two full professors in mathematics education, one full 

professor in educational evaluation, and two associate professors in mathematics education. All participants 

had an established record of research and professional contributions in curriculum development, assessment 

design, and the evaluation of higher-order cognitive processes. This purposeful heterogeneity was intended to 

enhance content validity by capturing multidimensional perspectives on the constructs of CT, CrT, and PS. 

In addition, quantitative data were collected from 70 respondents (lecturers, teachers, and students). 

These participants were selected using stratified purposive sampling to ensure representation across 

educational roles relevant to HOTS implementation and assessment. Participants within each group were 

recruited based on their experience with mathematics instruction or assessment. This sampling strategy 

enabled meaningful triangulation between expert qualitative insights and broader practitioner and learner 

perspectives. 

Given that the quantitative phase involved 70 respondents, sample size considerations were taken 

into account in the application of structural equation modelling (SEM). In SEM, sample size may affect the 

stability of parameter estimates, standard errors, model fit, and statistical power. Therefore, the SEM results 

should be interpreted with caution, and the generalizability of the findings may be limited. 

 

2.3. Data collection procedures and ethical considerations 

Data collection was conducted in two sequential phases in accordance with the mixed-methods 

research design. In the qualitative phase, FGDs were organized across three iterative sessions, each lasting 

approximately 90 minutes. The FGDs followed semi-structured protocols designed to elicit in-depth expert 

perspectives on the dimensions and sub-dimensions of HOTS. Guiding questions encouraged participants to 

articulate observable indicators, assessment criteria, and instructional contexts relevant to HOTS 

measurement. All sessions were audio-recorded with participants' permission, transcribed verbatim, and 

anonymized to ensure data confidentiality. 

In the quantitative phase, survey data were collected from 70 participants, including university 

lecturers, secondary school teachers, and undergraduate students. The survey aimed to corroborate and 

triangulate qualitative findings by examining the empirical structure of the proposed indicators. The 

integration of qualitative expert insights and quantitative stakeholder feedback enhanced methodological 

rigor and strengthened the trustworthiness of the resulting measurement framework. 

Regarding ethical considerations, this study received formal ethical approval from the Institutional 

Review Board (IRB) of the affiliated university. Prior to participation, all respondents were provided with 

detailed information about the study objectives and procedures, and subsequently gave written informed 

consent. Respondents participated voluntarily and were advised that withdrawal was permitted at any point 

without any penalty. All personal identifiers were removed during data processing, and confidentiality was 

strictly maintained throughout data collection, analysis, and reporting. 

 

2.4. Validity and trustworthiness 

The facilitator adopted an interactive facilitation approach, employing probing questions, reflective 

summaries, and consensus-building techniques. To ensure trustworthiness, the study adhered to the four 

classical criteria outlined by Lincoln et al. [45]: credibility (through member checking), transferability 

(through detailed contextual descriptions), dependability (through systematic documentation), and 

confirmability (through audit trails and reflexivity notes). 

 

2.5. Data analysis 

This study adopted a mixed-methods analytic design, combining qualitative and quantitative 

analyses to enhance rigor and triangulate findings. Qualitative data from the FGDs were analyzed first, 

followed by quantitative analysis of the survey data to validate and complement the emergent framework. 
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2.6. Qualitative data analysis 

Qualitative data were analyzed in ATLAS.ti (version 23) using grounded theory procedures, 

including open, axial, and selective coding. During the open coding stage, initial codes were inductively 

generated from participants' verbatim statements. These codes were then clustered during axial coding based 

on conceptual similarities and guided by established theoretical frameworks of HOTS, particularly Bloom's 

revised taxonomy and contemporary models of CT, CrT, and PS. This theory-informed clustering ensured 

conceptual alignment between empirical data and existing scholarship. 

In the selective coding phase, core categories were identified and integrated into a coherent 

theoretical model representing the dimensions of CT, CrT, and PS. The analytic process emphasized 

theoretical saturation, whereby no new categories emerged from subsequent coding, and conceptual 

coherence across categories. To enhance analytical reliability, a second independent coder with expertise in 

qualitative research methods was involved in the coding process. Inter-coder agreement was assessed through 

iterative comparison and discussion of coding discrepancies until consensus was achieved. This procedure 

strengthened the trustworthiness and dependability of the qualitative findings. 

 

2.7. Quantitative data analysis 

Quantitative survey data were analyzed using descriptive statistics and psychometric validation 

procedures, including confirmatory factor analysis (CFA). CFA to assess the construct validity and reliability 

of the identified HOTS indicators. Internal consistency was examined through Cronbach’s alpha and 

composite reliability (CR) coefficients. The integration of qualitative and quantitative analyses enabled 

robust validation of the proposed indicator framework. 

To verify the construct validity and reliability of the developed indicators, a confirmatory phase was 

conducted using LISREL 10.4. The analysis proceeded in two stages: 

a. Construct validity testing 

CFA was used to evaluate the factor structure of the three HOTS constructs, as indicated by the 

following model-fit indices [46] were used to evaluate adequacy: 

− Chi-square divided by degrees of freedom (χ²/df)≤3.00 

− Comparative fit index (CFI)≥0.90 

− Goodness of fit index (GFI)≥0.90 

− Root mean square error of approximation (RMSEA)≤0.08 

− Standardized root mean square residual (SRMR)≤0.08 

− Factor loadings ≥0.50 were considered evidence of convergent representation. 

b. Reliability and convergent validity 

CR and average variance extracted (AVE) were computed from LISREL output. Constructs were 

deemed reliable when CR≥0.70 and AVE≥0.50, indicating internal consistency and adequate item 

convergence. Discriminant validity was evaluated by comparing the square root of each construct’s AVE with 

the inter-construct correlations, indicating that each HOTS dimension accounted for distinct conceptual 

variance. 

 

2.8. Integration of qualitative and quantitative findings 

The final stage synthesized the qualitative insights with quantitative evidence to refine and validate 

the HOTS measurement indicators. This methodological triangulation ensured that the developed framework 

was both theoretically coherent and empirically verifiable, bridging conceptual understanding with 

measurable constructs. 

 

 

3. RESULTS AND DISCUSSION 

This section reports findings from both qualitative and quantitative analyses conducted to develop 

and validate the indicators of HOTS, encompassing CT, CrT, and PS. The qualitative phase generated 

theoretically grounded indicators from expert insights. In contrast, the quantitative phase statistically verified 

the construct validity and reliability of the proposed measurement model using exploratory factor analysis 

(EFA) and CFA. 

 

3.1. Qualitative phase: synthesis of FGD results 

The qualitative analysis using ATLAS.ti 23 produced a coherent conceptual framework for HOTS. 

Through iterative open, axial, and selective coding, themes were clustered into dimensions and behavioral 

indicators consistent with major theoretical perspectives, particularly Bloom’s revised taxonomy [47], 

problem-based learning theory, and creativity studies [48]. The derived constructs were operationalized into 

empirically measurable indicators that align with established models of cognitive development, ensuring 
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theoretical fidelity and contextual relevance. The synthesis yielded three primary domains: CT, CrT, and PS, 

each composed of five structured indicators. Table 1 presents the operational framework for the CT domain 

by mapping its key aspects and dimensions to the corresponding indicators. This mapping is important 

because it clarifies how the theoretical construct of CT is translated into observable elements, thereby 

strengthening the transparency and validity of the indicator set used in this study. 
 

 

Table 1. Aspect, dimension, and indicator of CT 
Code Aspect Dimension Indicator 

CT1 Goal-oriented Engaging in rational reasoning and logical 

analysis to address problems 

Ability to apply logical principles when 

considering potential solutions 

CT2 Evidential basis Formulating justified beliefs supported by 
credible evidence and argument validity 

Ability to consider various relevant information 
sources before making decisions 

CT3 Attention to detail Demonstrating precision and accuracy in 

understanding and interpreting arguments 

Ability to deconstruct arguments or information 

systematically and in detail 
CT4 Justification and 

explanation 

Employing appropriate criteria or standards to 

justify reasoning and explain conclusions 

Ability to apply the most relevant standards when 

addressing a given problem 

CT5 Evidence-based 
evaluation 

Demonstrating critical reflection on acquired 
knowledge and beliefs from diverse experiences 

Ability to critically evaluate information sources 
based on relevance, reliability, and consistency 

 

 

Survey data collected from 70 respondents (comprising university lecturers, teachers, and students) 

supported the FGD findings. A comparative analysis revealed that this developed indicator was rated 6% 

more effective than those developed by Ennis, suggesting greater contextual applicability and alignment with 

real-world cognitive demands in educational assessment. This result suggests that, while Ennis's model 

remains theoretically robust, this proposed framework offers a more pragmatic and adaptable approach, 

particularly for assessing reasoning processes in authentic learning contexts. 

To further examine the relative performance of the CT domain, we compared effectiveness across 

its constituent dimensions. Figure 1 illustrates this comparison by presenting the effectiveness score for each 

dimension of CT. This visualization is important because it highlights the most effective dimensions, 

providing empirical guidance for refining indicators and prioritizing instructional improvements or 

assessments in the domain of CT. 

This result suggests that, while Ennis's model remains theoretically robust, the proposed framework 

offers a more pragmatic and adaptable approach, particularly for assessing reasoning processes in authentic 

learning contexts. Following the CT domain, we operationalized the CrT construct into measurable 

components to ensure that it can be assessed consistently within the HOTS framework. Table 2 summarizes 

the operational framework for the CrT domain by linking its aspects and dimensions to the proposed 

indicators. This table is essential because it demonstrates how CrT is translated from a theoretical concept 

into observable indicators, providing a clear basis for instrument development, result interpretation, and 

future refinement of the indicator set. 

To evaluate the variation in the CrT domain, we compared the effectiveness of its constituent 

dimensions. Figure 2 presents this comparison by displaying the effectiveness scores for each dimension of 

CrT. This figure is important because it identifies dimensions that may require further reinforcement or 

refinement, thereby informing targeted improvements in the development of indicators, instructional 

practices, and assessments related to CrT. 
 

 

 
 

Figure 1. Comparison of the effectiveness of CT skills dimensions 

Enni’s CT 

dimensions and 

indicators

47%

Kania and Kyaruzi 

CT dimensions and 

indicators

53%

Comparison of effectiveness
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Table 2. Aspect, dimension, and indicator of CrT 
Code Aspect Dimension Indicator 

CrT1 Analytical 
thinking 

Ability to evaluate information logically and 
systematically 

Ability to identify essential elements within a 
given set of information 

CrT2 Comparative 

thinking 

Capacity to consider multiple perspectives or 

alternative possibilities 

Ability to connect and integrate diverse 

information or concepts 
CrT3 Reflective 

thinking 

Ability to reflect on experiences or ideas to gain 

deeper insight 

Ability to thoughtfully evaluate experiences or 

concepts for new understanding 

CrT4 Corrective 
thinking 

Capacity to refine arguments or approaches to 
enhance effectiveness 

Ability to modify or adjust reasoning strategies for 
greater efficacy 

CrT5 Inquisitive 

thinking 

Motivation to question assumptions, explore new 

perspectives, and seek unconventional approaches 

Ability to seek novel perspectives in understanding 

complex problems or situations 

 

 

 
 

Figure 2. Comparison of the effectiveness of CrT skills dimensions 
 

 

Empirical validation through the respondent survey confirmed that these proposed dimensions were 

16% more effective than Torrance's traditional creativity model. While Torrance's framework prioritizes 

divergent production and imagination, this framework of Kania and Kyaruzi’s work emphasize cognitive 

adaptability and contextual innovation, qualities more aligned with reflective academic creativity rather than 

purely artistic expression. To operationalize the PS construct, the study identified its main aspects, 

dimensions, and indicators based on the underlying theoretical framework. Table 3 summarizes these 

elements and illustrates the conceptual basis used to develop the PS component of the instrument. 

In addition, the survey results distributed to university lecturers, teachers, and students indicated that 

the dimensions and indicators proposed by Kania and Kyaruzi’s were perceived as more effective by 70 

respondents. Most participants provided positive evaluations regarding the implementation of these 

dimensions and indicators in the learning process, suggesting that Kania and Kyaruzi’s approach aligns well 

with their instructional needs and expectations. 
 

 

Table 3. Aspect, dimension, and indicator of PS 
Code Aspect Dimension Indicator 

PS1 Cognitive 
processes 

Understanding problems through systematic 
information gathering and perspective analysis 

Ability to identify problems in the level of detail 
required for effective resolution 

PS2 Data 

gathering 

Competence in collecting data from multiple and 

relevant sources 

Ability to design strategic and stepwise plans to 

address identified problems 
PS3 Efficient 

execution 

The capability to implement plans efficiently to 

achieve problem resolution 

Ability to evaluate the execution process and 

identify opportunities for improvement 

PS4 Reflective 
evaluation 

Ability to assess solutions and processes 
retrospectively 

Ability to compare implemented solutions against 
alternative strategies to determine effectiveness 

PS5 Analytical PS Capacity to manage complexity by decomposing 

intricate problems into smaller, solvable components 

Ability to develop precise and detailed solutions 

for each component of a complex problem 

 

 

To examine how respondents evaluated the PS domain, we analyzed the effectiveness ratings across 

its constituent dimensions. Figure 3 presents a comparative distribution of respondents’ effectiveness scores 

for each PS dimension. This visualization is important because it highlights relative strengths and weaknesses 

within the PS construct, providing empirical guidance for refining specific indicators and informing targeted 

improvements in assessment design and instructional support. 

Torrance’s
CrT dimensions 

and indicators 

42%

Kania and Kyaruzi’s 

CrT dimensions and 

indicators

58%

Comparison of effectiveness
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Survey findings indicate that this framework scored 10% higher than the Krulik and Rudnick model 

on perceived practical relevance. The comparative advantage likely stems from the contextual specificity and 

sequential structuring embedded within indicators, which enable clearer operationalization in instructional 

and evaluative settings. Collectively, Tables 1–3 establish a coherent conceptual foundation for measuring 

HOTS, ensuring semantic precision, theoretical distinctiveness, and pedagogical measurability. The 

qualitative synthesis substantiates the multidimensional yet unified structure of HOTS as an integrative 

cognitive construct. 

 

 

 
 

Figure 3. Comparison of the effectiveness of PS skills dimensions 

 

 

3.2. Quantitative phase: validation of the measurement model 

An EFA was undertaken to investigate the structural validity of the developed indicators based on 

quantitative survey data. The adequacy of the correlation matrix was checked before factor loadings were 

interpreted. Table 4 reports the measures of sampling adequacy (MSA) for each item, which indicate whether 

each indicator has sufficient shared variance with the others to be retained in the factor model. This table 

provides an item-level diagnostic for verifying that the data meet the requirements for EFA and for 

identifying any indicators that may need to be revised or removed before finalizing the factor structure. 

Following the preliminary factor structure identified via EFA, we conducted CFA to test whether 

the proposed measurement model fit the data adequately. Figure 4 depicts the CFA model, showing the 

relationships between the latent HOTS constructs (domains/dimensions) and their observed indicators, 

together with the estimated factor loadings. This figure provides a visual and statistical representation of the 

validated measurement structure, supporting the construct validity of the developed indicators and 

confirming their alignment with the theoretical framework. 

 

 

Table 4. Anti-image matrices 
Anti-image matrices 

 CT1 CT2 CT3 CT4 CT5 CrT1 CrT2 CrT3 CrT4 CrT5 PS1 PS2 PS3 PS4 PS5 

Anti-image 
correlation 

CT1 .948a -.162 -.028 .049 -.170 -.110 -.003 -.103 .012 -.058 .023 .005 -.143 -.099 -.062 
CT2 -.162 .889a -.061 -.054 .019 -.036 .102 -.004 -.284 -.081 -.171 -.070 .116 .095 -.059 

CT3 -.028 -.061 .945a -.123 -.225 -.050 -.063 -.126 -.131 -.029 .033 -.237 -.029 .016 -.023 

CT4 .049 -.054 -.123 .950a -.038 -.205 -.109 .007 -.001 -.158 .026 -.150 -.051 -.085 -.091 
CT5 -.170 .019 -.225 -.038 .947a -.049 -.059 .046 -.165 -.045 -.018 -.086 -.095 -.151 .035 

CrT1 -.110 -.036 -.050 -.205 -.049 .919a -.072 .011 .011 -.073 -.226 .196 -.189 -.095 .036 

CrT2 -.003 .102 -.063 -.109 -.059 -.072 .941a -.259 -.082 -.111 -.040 .013 .027 -.098 -.060 
CrT3 -.103 -.004 -.126 .007 .046 .011 -.259 .937a -.007 -.126 -.063 -.023 -.047 -.063 .038 

CrT4 .012 -.284 -.131 -.001 -.165 .011 -.082 -.007 .924a -.103 .094 .015 -.175 -.185 .004 

CrT5 -.058 -.081 -.029 -.158 -.045 -.073 -.111 -.126 -.103 .962a -.065 -.028 -.043 -.153 -.110 
PS1 .023 -.171 .033 .026 -.018 -.226 -.040 -.063 .094 -.065 .901a -.265 -.079 .020 -.234 

PS2 .005 -.070 -.237 -.150 -.086 .196 .013 -.023 .015 -.028 -.265 .907a -.077 -.014 -.101 
PS3 -.143 .116 -.029 -.051 -.095 -.189 .027 -.047 -.175 -.043 -.079 -.077 .946a -.050 -.151 

PS4 -.099 .095 .016 -.085 -.151 -.095 -.098 -.063 -.185 -.153 .020 -.014 -.050 .948a .028 

PS5 -.062 -.059 -.023 -.091 .035 .036 -.060 .038 .004 -.110 -.234 -.101 -.151 .028 .939a 

a. Measures of sampling adequacy (MSA) 

Krullik and Rudnick 

PS dimensions and 

indicators 

45%

Kania and Kyaruzi 

PS dimensions and 

indicators

55%

Comparison of effectiveness
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To further validate the hypothesized measurement model, we used LISREL 8.80 with Maximum 

Likelihood (ML) estimation. ML was selected for its robustness under multivariate normality assumptions 

and its capacity to yield precise estimates of factor loadings and error variances. The measurement model 

delineates the relationships between the observed indicators and their respective latent constructs: CT, CrT, 

and PS, as identified in the preceding EFA. Each indicator's loading reflects the strength and direction of its 

contribution to the latent variable, while the associated error term represents the portion of variance 

unexplained by the construct [46]. Prior to factor analysis, data suitability was confirmed using the Kaiser-

Meyer-Olkin (KMO) measure and Bartlett’s test of sphericity. The KMO value was 0.75, indicating adequate 

sampling adequacy, and Bartlett’s test was significant, χ²(105)=5460.41, p<0.001, demonstrating sufficient 

inter-item correlations for factor extraction. Accordingly, the dataset was deemed appropriate for conducting 

EFA. 

 

 

 
 

Figure 4. CFA model 

 

 

3.3. Exploratory factor analysis 

EFA was carried out using principal axis factoring with varimax rotation to examine the underlying 

structure of the developed indicators. The scree plot and eigenvalues greater than 1.0 supported a three-factor 

solution corresponding to the hypothesized HOTS dimensions. Table 5 reports the EFA results, including the 

extracted factors, item loadings for each indicator, and key summary statistics, which collectively 

demonstrate how the indicators cluster within the three-factor structure. This table is provide direct empirical 

evidence for the proposed dimensionality and helps identify indicators with weak or cross-loadings that may 

require revision before confirming the final measurement model. 

All loadings exceeded 0.70, confirming both construct distinctiveness and theoretical alignment 

[49]. The emergent structure reflected a stable pattern of cognitive specialization across factors, consistent 

with the multidimensional HOTS framework [50]. No significant cross-loadings were observed, 

demonstrating strong discriminant validity. Although three or more indicators per construct are generally 

recommended in SEM, the two-item factor was retained in this study based on strong theoretical justification 

and robust empirical evidence. Both indicators demonstrated high standardized factor loadings (>0.70), 

satisfactory CR and acceptable AVE, indicating sufficient internal consistency and convergent validity. 
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Previous methodological studies [51], [52] suggest that two-item constructs may be acceptable when 

the indicators are highly correlated, theoretically coherent, and empirically stable. In this study, the retained 

items represent the core conceptual domain of the construct and emerged consistently from expert validation 

during the qualitative phase. Nevertheless, this limitation is acknowledged. Future research is recommended 

to expand the item pool to strengthen construct representation further and enhance measurement robustness 

across diverse samples. 
 

 

Table 5. EFA 
Indicator Factor 1 (CT) Factor 2 (CrT) Factor 3 (PS) 

Applying logical principles 0.78 — — 

Considering relevant information 0.82 — — 
Recognizing essential elements of information — 0.85 — 

Integrating diverse sources of information — 0.76 — 

Identifying problems in detail — — 0.81 
Developing accurate and structured plans — — 0.79 

 

 

3.4. Confirmatory factor analysis 

The three-factor measurement model was subsequently validated using LISREL 8.80 with ML 

estimation. To evaluate how well the hypothesized model fits the observed data, we examined standard 

goodness-of-fit indices. Table 6 summarizes the CFA results, including key model-fit statistics (e.g., χ²/df, 

RMSEA, CFI, Tucker–Lewis index (TLI)/non-normed fit index (NNFI), and SRMR) and the standardized 

factor loadings for each indicator. This table is provide the primary statistical evidence that the proposed 

three-factor structure adequately represents the data, thereby supporting the construct validity of the 

developed HOTS indicators and confirming their alignment with the theoretical framework. 

All standardized factor loadings ranged between 0.33 and 0.61, and R² values ranged between 0.32 

and 0.57, indicating acceptable indicator reliability [53]. CR values for CT, CrT, and PS exceeded 0.70, 

while AVE values surpassed 0.50, confirming internal consistency and convergent validity. Inter-factor 

correlations were high but theoretically justified: CT–CrT=0.98, CT–PS=0.96, and CrT–PS=0.95 (p<0.001). 

These values suggest strong interdependence among HOTS components while retaining conceptual 

distinction, reflecting the hierarchical integration of higher-order cognition. 
 

 

Table 6. CFA 
Goodness-of-fit index Value Interpretation 

χ² (87)=218.58, p<0.001 — Acceptable, given model complexity 

RMSEA=0.071 (90% CI: 0.059–0.083) <0.08 Good approximate fit 

CFI=0.98 ≥0.95 Excellent fit 
NNFI=0.97 ≥0.95 Excellent fit 

GFI=0.91, AGFI=0.88 >0.90/>0.85 Acceptable global fit 

SRMR=0.047 <0.05 Excellent residual fit 

 
 

3.5. Structural consistency and theoretical coherence 

The observed covariance among the three latent variables supports a synergistic model of higher-

order thinking, where critical reasoning, creative integration, and problem-oriented application operate as 

interlocking cognitive systems. This pattern corroborates prior evidence that HOTS functions as  

a multidimensional yet unified construct influencing advanced learning outcomes [54], [55]. The model 

satisfies psychometric expectations for construct validity, reliability, and fit indices, suggesting that the 

developed indicators provide a robust empirical foundation for measuring HOTS in educational contexts. 

 

3.6. Discussion 

The validation results indicate that the HOTS indicators developed through the integration of expert-

derived FGD insights and quantitative testing form a coherent multidimensional structure comprising three 

domains: CT, CrT, and PS. Rather than functioning as isolated competencies, these domains appear 

empirically connected, supporting the interpretation that HOTS is best represented as an interdependent 

system of higher cognition. This pattern is consistent with theoretical accounts positioning CT as an 

evaluative-analytical foundation, CrT as a generative process, and PS as an applied integration of both within 

task contexts [56]–[70]. 

The observed three-domain structure aligns with Bloom's revised taxonomy [71] insofar as it 

reflects differentiated cognitive processes. Importantly, our findings also suggest functional interdependence 

among these processes, an interpretation that extends prior conceptualizations by emphasizing that higher-
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order cognition in educational settings may involve coordinated engagement across analytical, generative, 

and applied reasoning [72]–[76]. Taken together, these results provide empirical support for the construct 

validity of the proposed indicator framework [77] and strengthen the view that HOTS represents a structured, 

multidimensional construct rather than a set of discrete abilities [78]–[84]. 

Our results are in line with prior work reporting HOTS as inherently multidimensional and 

dynamically enacted in learning tasks [85], [86]. In addition, the present study contributes by providing 

quantitative evidence that the three domains are not only distinguishable but also meaningfully related within 

a single measurement framework, thereby supporting arguments that educational assessment should capture 

integrated higher-order competence rather than fragmented skill components [87]–[90]. This integrated 

representation is pedagogically relevant because it suggests that growth in one domain (e.g., analytical 

evaluation) may be accompanied by or depend on development in complementary processes (e.g., idea 

generation and adaptive application) [91]–[96]. 

Within the context of competency-based curriculum implementation (e.g., the Merdeka 

Curriculum), the validated indicators provide a structured basis for developing assessment tools that address 

how learners reason across critical, creative, and PS demands [97]–[104]. Practically, the framework can 

serve two complementary functions: i) as a diagnostic reference for identifying relative strengths and 

weaknesses across HOTS domains and ii) as a design guide for aligning instruction with cognitively 

demanding learning goals [105]–[116]. These implications follow directly from the validated measurement 

structure and do not depend on assumptions beyond the data analyzed in this study. 

Despite the robust psychometric signals observed in this sample, several limitations should be 

acknowledged. First, the respondent group was relatively small and drawn from specific educational settings, 

which may constrain generalizability [117]–[128]. Second, disciplinary composition and local academic 

norms may influence how HOTS dimensions manifest and are perceived, potentially affecting the observed 

balance among domains (e.g., greater salience of analytical aspects than generative ones) [129]–[137]. 

Accordingly, the present evidence should be interpreted as supporting the proposed structure under the 

current sample conditions rather than as a definitive, context-free model. Future research should extend 

validation through: i) confirmatory testing in larger and more diverse samples, ii) cross-disciplinary and 

cross-cultural replication to evaluate measurement stability, and iii) longitudinal designs to examine how 

HOTS profiles evolve over time and across instructional experiences [138]–[148]. Such work would 

strengthen external validity and clarify the indicator framework's contextual sensitivity, thereby enhancing its 

utility for educational evaluation and curriculum-informed assessment. 

 

 

4. CONCLUSION 

This study developed and validated an integrated set of quality indicators to measure HOTS in 

mathematics education across three core dimensions: CT, CrT, and PS. The indicator development combined 

expert FGDs with psychometric testing, resulting in a model that is both theoretically grounded and 

empirically supported. CFA provided strong evidence of model–data fit and alignment. These results support 

the construct validity of the three-factor HOTS framework and indicate that the indicators can represent 

analytical, generative, and applied cognitive processes in an integrated manner. 

Despite the strong psychometric performance, the findings should be interpreted within the study’s 

sample characteristics and context. Future research should replicate the model with larger, more diverse 

participants, test measurement invariance across educational levels and disciplines, and employ longitudinal 

designs to examine the stability and developmental sensitivity of the indicators over time. The validated 

indicators provide a practical foundation for designing HOTS-oriented assessments and supporting 

instruction that targets critical, creative, and PS competencies within mathematics learning. 

In practice, the validated indicators provide educators, researchers, and policymakers with  

a diagnostic tool to evaluate and enhance learning processes oriented toward cognitive competence. The 

model provides a structured framework to identify which aspects of critical, creative, and PS skills need 

reinforcement in classroom settings. At the policy level, these findings contribute to the development of  

a national assessment framework aligned with the competencies demanded by 21st-century learning and the 

Merdeka Curriculum initiatives, emphasizing adaptive, inquiry-based, and student-centered learning 

paradigms. From a theoretical and philosophical standpoint, this study reinforces the notion that assessing 

HOTS transcends mere evaluation—it represents a shift in educational epistemology toward cultivating 

reflective, creative, and autonomous learners. By integrating the principles of the revised Bloom's taxonomy 

with contextually grounded empirical validation, this research advances the science of educational 

assessment in Indonesia. Ultimately, the validated HOTS indicators stand as a foundational step toward 

constructing an educational ecosystem that not only measures learning outcomes but also inspires the 

transformation of how learners think, create, and solve problems in an increasingly complex world. 
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