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 The study was aimed to develop and validate a measurement test to assess 

mathematical proficiencies in the numbers and algebra strand. A total of 125 

seventh-grade learners with diverse learning abilities from secondary 

educational institutions under the management of the Khon Kaen 

Educational Service Area 25, Thailand was chosen as respondents. The 

researchers employed design-based research consisting of four building 

blocks to construct a prototype utilizing a construct modeling approach. 

Firstly, the researchers developed construct maps to identify the learners’ 

mathematical proficiency (MP) level. This was followed by the creation of 

the items of measurement test according to the proficiency levels. Next, the 

researchers allocated scoring measures and formed the conversion of 

learners’ MP stages. Lastly, the researchers validated the superiority of the 

measurement test through Wright map consuming the multi-dimensional 

random coefficient multinomial logit model. The construct maps of the MP 

level consisted of two dimensions, namely mathematical procedures and 

structure of learning outcome. Findings discovered that there were 20 items 

in the assessment tool and its quality passed the determined education and 

psychological assessment criteria. It can be determined that every item is 

capable to measure the learners’ multi-dimensional mathematical 

proficiencies. 
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1. INTRODUCTION 

Mathematics is one of the most essential subjects in life as it is a foundation for students’ 

development, no matter which field or profession they will follow in the future; it is used everywhere [1]. 

The core suggestions regarding the status of mathematics, nevertheless, drop into three extended parts: 

mathematics is a fundamental ability for all humans in lifetime normally; a mathematically knowledgeable 

individual will subsidize to a nation’s economic wealth, and mathematics is significant for its particular sake 

[2]. Therefore, classroom evaluation is imperative for the reason that it allows mathematics teachers to take 

well-versed results associated to future instructions and, subsequently, directs to teaching that effectively 

matches the learners’ requests and potential [3], [4]. 

https://creativecommons.org/licenses/by-sa/4.0/
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Mathematical problem-solving assessment is one of the greatest thought-provoking matters since it 

contributes meaningfully to mathematics education consequences [5]. This is because it emphasizes not only 

the outcome of instruction, but also the thinking process [6]. Hence, responding open-ended questions can be 

the greatest effective method to elicit the numerous proficiencies of the learners, for the reason that they have 

to utilize their replies to the preceding stage to resolve problems in the following stage formerly finding the 

ultimate response [7]. Mathematical proficiency (MP) means a learner’s capability to search, estimate, and 

think rationally in intellectual procedures and to comprehend by what means to resolve a mathematical 

problem; that is, to adopt and concern proper approaches to resolve problems and imitate on the technique 

applied to resolve the problems [7]. 

The power of utilizing the multi-dimensional method to inspect and develop problem-solving tasks 

and reasoning procedures has been examined by past researchers [8]–[10]. They have emphasized the 

administration of the tests, focusing on learners’ progress in each dimension; for example, the construct map 

is a key emphasis of teaching and evaluation actions [11]. In this line of reasoning, previous studies [3], [7] 

highlighted that the assessment tool’s tasks should not be planned to deliver evidence on the distinct extents, 

mainly items that entail numerous latent characters within one sole task. 

The core objective of this research was to develop a comprehensive measurement test to measure 

seventh-grade learners’ mathematical proficiencies in the numbers and algebra strand. The researchers started 

their research by developing a construct map to identify the learners’ mathematical proficiencies. This was 

followed by the development of an assessment tool. Finally, the researchers validated the quality of the 

measurement test. The research is significant because its results provide evidence of the superiority of the 

measurement test the researchers developed in the matter of its accuracy, consistency, and stability in the 

authentic mathematics classroom setting.  

 

 

2. RESEARCH METHOD 

The construct modeling method was adopted in this research [11]. This embeds instruction and the 

syllabus when designing the assessment tool tasks. The researchers used a design-based research method 

with four successive phases to develop the measurement test [12]. Hence, the multi-dimensional random 

coefficients multi-nominal logit model (MRCMLM) was utilized to validate the superiority of the 

measurement test they developed [13]. The analysis was conducted using Australian council for educational 

research (ACER) conquest version 5.0 [14]. 

 

2.1.  Respondents of the research 

The required sample size to provide accurate parameter estimates for assessment of item parameters 

in Rasch-family models is 100 [15], [16]. The overall 125 samples with varied capability stages were 

arbitrarily nominated as test-takers to accomplish the minimum sample size required once consuming multi-

dimensional test response theory to obtain quality information [15]. The research samples were seventh-grade 

learners from educational institutions under the management of the Khon Kaen Office of Secondary 

Education Service Area 25, Thailand. In addition, five mathematics teachers participated in in-depth 

interviews based on the outcomes of revision of the central curriculum in basic education 2008 using 

purposive sampling. The purposive sampling was employed to select the five mathematics teachers because 

the researchers required a particular group of participants that are mathematics teachers who have specific 

criteria such as expertise and experience [17]. 

 

2.2.  Study process 

The study process comprised four steps. The researchers began to inspect the learners’ problems in 

solving mathematical questions related to numbers and algebra. In the first step, the researchers worked 

closely with mathematics teachers regarding the central curriculum in basic education 2008 (revised edition 

in 2017) regarding mathematical problem-solving in the numbers and algebra strand. The outcomes of 

revising the core curriculum with mathematics teachers guided the researchers to develop three semi-

structured interview questions. These included: i) the learning management used to assist learners with 

mathematics problems in numbers and algebra strand, ii) the current measurement test employed to measure 

learners’ mathematical proficiencies in this strand, and iii) the strengths of developing a measurement test to 

assess learners’ MP stages in the strand. Data was obtained by means of the in-depth interview technique and 

relied on think-aloud techniques. Qualitative data were analyzed using content analysis. Content analysis was 

used to be a useful tool for analyzing in-depth interview data, allowing researchers to identify important 

themes and patterns that could assist answer research questions and generate new insights [18]. 

According to the findings from the initial step, the researchers cooperated with the mathematics 

teachers to generate a construct map in every dimension of MP to match the authentic mathematics classroom 

setting in the second step. According to Junpeng et al. findings [19], an MP assessment framework has two 
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dimensions, namely mathematical procedures (MAP) and the structure of learning outcome (SLO). In 

addition, Junpeng et al. [19] classified both dimensions MAP and SLO into five levels and also produced the 

scoring guide, as shown in Table 1.  

The construct map created denotes the grade to which the learner decides on a proper resolution and 

obtains the right responses. It covers the five stages of learning progression to capture learner’s progress in 

their learning. The construct map of MAP describes the learning progression from discovering unsuitable 

resolutions and gaining the incorrect responses to being able to solve the mathematical problem with an 

appropriate solution without error. On the other hand, the SLO construct map captures the learner’s 

capability to select and practice tactics to represent a procedure and symbolization with a replication for 

recognizable or unaccustomed problems. The anticipation at the advanced level is that learners can establish 

the capability to change from concrete to abstract depictions such as sketching a figure, predicting, 

inspecting, and enlightening a resolution, constructing a prearranged list, creating a table, operating 

backward, consuming rational reasoning, searching for a pattern, and/or consuming a model. This construct 

map inspects the superiority of the learner’s protest of rational reasoning with robust descriptions that 

comprise both vibrant writing and appropriate mathematical symbolization. 

In the third step, the researchers started to develop a prototype or so-called assessment tool that was 

steered by the test blueprint to evaluate learners’ MP. A sum of 20 items were established that measured two 

dimensions, namely MAP and SLO dimensions. This utilized multi-value grading and polytomous scoring 

and was known as the “Multi-dimensional Mathematical Capacity Assessment Tool Number and Algebra”. 

Figure 1 shows an example of the sample test. This step is called outcome space, whereby the researchers 

determined the learners’ MP according to the construct map classification as indicated in Table 1. 

 

 

Table 1. Scoring guide of proficiency levels in MAP and SLO dimensions 
Dimension 

level 
Score Learning growth Diagnostic description 

MAP 

Level 5 

4 Strategic/extended 

thinking 
− Show solutions to various complex problems appropriately. 

− Expand existing knowledge to new knowledge to contribute to verdict the answers. 

− Choose the right strategy, concept, and vision of the relationship to write 

mathematical variables. 

MAP 

Level 4 

3 Skills and concept − Can solve more complicated questions. 

− Explain appropriately using mathematical symbols. 

− The idea came to represent the mathematical description in the form of a square 

picture to reason properly but not completely.  
MAP 

Level 3 

2 Recall − Lack of knowledge and understanding of concerning mathematical ideologies. 

− Can write concepts but cannot describe in the method of mathematical symbols. 

− Use basic knowledge to solve mathematical problems easily. 

MAP 
Level 2 

1 Unrecalled − Unable to apply elementary knowledge. 

− Unable to further resolve the problems or find answers. 

− Cannot explain the proper method of obtaining the answer or explain something not 

related to the question. 

MAP 
Level 1 

0 Non-response − No answer. 

− Answer is something not related to the question. 

 
SLO 

Level 5 

4 Extended abstract − Link the relationships together. 

− Create an abstract and advanced concept. 

− Create a new theory. 

− Able to conclude the concepts. 

SLO 

Level 4 

3 Relational − Integrate the related links. 

− Identify the differences in a comparative analysis. 

− Show and explain the relationships logically. 

− Cannot summarize abstract relationships. 

SLO 

Level 3 

2 Multi-structural − Student’s responses show focus on many viewpoints and treatments. 

− Able to link the complex relationship. 

− Can classify the narrator to describe each section. 

SLO 

Level 2 

1 Uni-structural − Student’s responses show focus on only one relevant perspective. 

− Identify things that have been learned in terms of necessity such as identifying 

names, remember them, and follow simple commands.  

SLO 
Level 1 

0 Pre-structural − Still not able to comprehend the right determination. 

− Still uses simple approaches to comprehend the content. 

− Unable to generate concepts. 

− Have a misunderstanding in thinking. 
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Learning outcome Indicators and options Mathematical procedures 
Standard C 1.1 understands 

the diversity of number 

displays, number systems, 

number operations. the 

result of the operation 

properties of operation and 

use indicator c 1.1 m 1/3 

understanding and applying 

the ratio proportion and 

percentage in solving 

mathematical problems and 

problems in real life 4 

multiple-choice tests 

4 multiple-choice tests 

  Basic concepts and skills 
 

Item 5. Fah collected some coins. She told her friends 

that they had brought each coin into a pile and 

counted up to 1,200 baht in total. When a friend asked 

how many coins they had, Fah told her friends that 

the ratio of the number of coins to ten baht per 

amount. Five baht per coin, two-baht coins per one 

baht coin amount are: 1: 2: 3: 4 

From the said ratio, how many coins has Fah 

collected? (Standard C.1.1 M.1 / 3) 

1) 400 coins 

2) 300 coins 

3) 200 coins 

4) 100 coins 

 

Answer: 1) 400 coins 

✓ 

 

Figure 1. Example of sample test 

 

 

In the final step, the researchers confirmed the superiority of the measurement test they had 

developed by reflecting its validity and reliability through ACER ConQuest Version 5.0 [14]. There were 

three sources of validity evidence that the researchers considered, namely: i) content tested by professionals 

and the Wright map; ii) learners’ feedback processes as replicated in the think-aloud form; and iii) internal 

construction using a between-item multi-dimensional model in MRCMLM, as illustrated in Figure 2. 

Additionally, the reliability evidence of the measurement test that the researchers encountered were:  

i) reliability of the expected-a-posteriori and separation (EAP/PV), which is an assessment of the consistency 

of multi-dimensional analysis; and ii) standard error of measurement (SEM) corresponding to the educational 

and psychological assessment standards [11]. Lastly, individual appropriateness statistical analysis (item fit) 

was conducted, and the results reported. 

 

 

 
 

Figure 2. Between-item multidimensional model 
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3. RESULTS AND DISCUSSION 

The initial finding was the establishment of a measurement test to evaluate seventh-grade learners’ 

MP in terms of two dimensions: MAP and SLO. This was trailed by checking the validity and reliability of 

the measurement test developed. Finally, the researchers testified the superiority of the measurement test by 

inspecting the item fit according to individual appropriateness statistical analysis. 

 

3.1.  Construct map of learners’ mathematical proficiency 

The researchers utilized the construct map to evaluate the learners’ MP by considering both 

dimensions, namely MAP and SLO. This was followed by using the Wright maps to check the internal 

structure with transition points in each level. Findings revealed that there was an increase in the MAP 

dimension. Findings of the construct map show that the MAP dimension increased from four levels to five 

levels, and level 1 was added to become a non-response stage. At the same time, the second level increased to 

level 4 as a conceptual level. This transformed the original construct map into a complete MAP construct 

map of five levels with scores from 0-4 points consisting of level 1: without basic knowledge (unrecalled); 

level 2: recall; level 3: skills and concept; level 4: strategic or extended thinking. The scores of the transition 

points from level 1 to 2, level 2 to 3, level 3 to 4, and level 4 to 5 were equal to -0.19, 0.79, 1.10, and 1.72 

logits, respectively. 

Conversely, the SLO dimension is a conceptual structure and was a process employed to classify, 

define, and enlighten the stage of learners’ complex understanding. It consisted of level 1: pre-structural; 

level 2: uni-structural; level 3: multi-structural; level 4: relational; level 5: extended abstract. There were 

transition points from level 1 to 2, level 2 to 3, level 3 to 4, and level 4 to 5 and the logits were equal to -1.58, 

0.38, 0.98, and 1.70, respectively. Figure 3 shows the transition points in every dimension on the Wright 

map. 

 

 

 
 

Figure 3. Findings of wright map 
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3.2.  Item fit 

According to the findings of the initial step, the researchers formed a measurement test consisting of 

20 items to measure learners’ MP in the numbers and algebra strand. There were all multiple-choice questions 

with different scoring grades for each level. All the items included knowledge and reasoning components. The 

superiority of the measurement test was inspected utilizing the item fit according to distinct appropriateness 

statistical analysis. Statistical analysis of the appropriateness of every item of the MRCMLM used the multi-

dimensional form of partial credit model. The measures to regulate the correctness of INFIT MNSQ values 

should be between 0.75 to 1.33 [20], [21] in each dimension. These values were between 0.80 to 1.16 in MAP, 

and 0.93 to 1.08 in SLO, thus the statistical consistency of INFIT MNSQ was in an acceptable range. Moreover, 

the findings showed that the item difficulties were fitting because the measurement tool’s difficulty ranged from 

-1.99 to 1.73. Table 2 displays the particulars of the item fit finding. 
 

 

Table 2. Findings of item fit statistical analysis 

Dimension Item b 
INFIT MNSQ 

Threshold 1 Threshold 2 Threshold 3 Threshold 4 
MNSQ CI T 

MAP  2 1.11 1.07 (0.80, 1.20) 0.7   1.11  

4 1.62 1.05 (0.73, 1.27) 0.4    1.62 
6 1.73 0.88 (0.71, 1.29) -0.8    1.73 

7 0.77 1.16 (0.84, 1.16) 1.8  0.77   

8 0.42 1.03 (0.87, 1.13) 0.5  0.42   
9 0.65 0.80 (0.85, 1.15) -2.8   0.65  

13 -0.06 1.05 (0.88, 1.12) 0.9 -0.05    

16 1.38 0.90 (0.68, 1.32) -0.6   0.92 1.84 
18 1.12 0.99 (0.75, 1.25) -0.1  0.51 1.73  

19 1.45 1.04 (0.75, 1.25) 0.3  1.45   

20 0.68 1.06 (0.78, 1.22) 0.6 -0.32   1.69 
Transition point -0.19 0.79 1.10 1.72 

SLO 1 1.35 1.07 (0.78, 1.22) 0.6  1.35   

5 1.57 1.08 (0.75, 1.25) 0.6   1.56  
11 -0.41 1.07 (0.86, 1.14) 0.9  -0.41   

12 -1.99 1.05 (0.68, 1.32) 0.4 -1.99    

14 0.40 0.96 (0.86, 1.14) -0.6   0.4  

15 0.27 0.94 (0.78, 1.22) -0.5 -1.16   1.7 

17 0.21 0.93 (0.86, 1.14) -1.0  0.2   

 Transition point -1.58 0.38 0.98 1.70 

 

 

3.3.  Validity evidence 

Firstly, the validity evidence connected with the test content was analyzed by considering the 

Wright map. This visual representation illustrates the alignment of item problems and learner capacity 

estimates on a shared scale, serving as evidence of their congruence. In addition, the Wright map 

encompasses the distribution of item difficulties, the distribution of learner proficiency estimates, and the 

alignment between the item difficulty distribution and the learner proficiency predictions. Therefore, it is 

essential that the items align with the learner's competence estimates in order to justify the test's exceptional 

use. The results of the Wright map demonstrate that the measuring test for MP, produced by the researchers, 

serves as an evaluation of learners' ability estimations in relation to the MP levels. This rationale is based on 

the work of [22], as shown in Figure 4. 

The diagram shown in Figure 4(a). In the present study, the model revealed associations between the 

difficulties of specific items and the estimations of learner proficiencies on a standardized scale. Specifically, 

items 7, 9, 11, 12, 13, and 15 were found to be of moderate difficulty, while item 10 was determined to be 

relatively easy. On the other hand, items 1, 2, 3, 4, 5, 14, 16, and 17 were identified as considerably challenging. 

Despite the perceived difficulty of these issues, there were nevertheless learners who managed to successfully 

answer these questions. Therefore, it may be inferred that the test takers did not encounter any challenging 

items. In Figure 4(b), the thresholds for generalized items are shown, representing the level of difficulty 

associated with answering each individual step. An example of this may be seen in item 14, which encompasses 

a hierarchical structure with two distinct levels of reaction, namely levels 1 and 2. Hence, it may be inferred that 

the administration of the measuring test is not uniformly distributed throughout all SLO levels. 

Secondly, after the researchers had tested the assessment tool they created, they continued to receive 

feedback from the learners concerning their understanding of the contents and the relevance of the tasks in the 

assessment tool. The findings revealed that the students had a good understanding of the items, as anticipated by 

the researchers. Moreover, the researchers also employed their responses to advance the tasks and scoring 

before steering in the real classroom setting. This is considered to be as a second level of validity evidence. 
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(a) (b) 

 

Figure 4. Findings of Wright map of validity evidence between (a) the difficulties of items and the 

estimations of learner proficiencies and (b) the generalized-item thresholds 
 

 

Thirdly, the validation of the internal structure of the measurement test in terms of its accuracy 

relating to the MP construct was conducted by comparing the two-model fit (unidimensional and 

multidimensional). The unidimensional model refers to the configuration of all the tasks into one dimension 

while the multidimensional model means the separation of the tasks into the particular MAP and SLO 

dimensions. The findings discovered that the multi-dimensional model had a significantly better statistical fit 

than the unidimensional model through the likelihood ratio Chi-squared G2 (𝜒2=21.56, df=2) [23] as well as 

the Akaike information criterion (AIC) [24], and Bayesian information criterion (BIC) [25] had a lower value 

in multidimensional constructs for assessing MP, as shown in Table 3. The research indicates that it would be 

appropriate to diagnose mathematical proficiency in two dimensions in the real context [26]–[28]. 
 

 

Table 3. The comparison of model fit 
Model Deviance N of parameter AIC BIC 

Unidimensional 2846.95 23 2892.95 2895.18 

Multidimensional 2825.39 25 2875.39 2877.82 

Likelihood ratio Chi-squared G2 = 𝜒2=21.56, df=2, p = .01 

AIC=2875.39<2892.95 
BIC=2877.82<2895.18  
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Additionally, the results of the correlation matrix of MAP and SLO dimensions showed that there 

was a correlation between the two dimensions at 0.55. This implies that the correlation between the two 

dimensions was in the range of medium to high. Figure 5 shows the results of the correlation coefficient 

between the proficiency parameter values. 

 

 

 
 

Figure 5. Correlation coefficient between proficiency parameter values 

 

 

3.4.  Reliability evidence 

The researchers utilized the standard deviation graph SEM to investigate the reliability of the 

assessment tool by exploring the SEM. When the multi-dimensional model was separated into two related 

sub-dimensions, namely θMAP and θSLO, the latent parameter of each student would have a different standard 

error of measurement--SEM(θMAP), and SEM(θSLO) [29]. Table 4 illustrates the SEM for the two separated 

sub-dimensions. Furthermore, the reliability evidence showed that SEM (θMAP) and SEM (θSLO) ranged from 

0.43 to 0.57 and 0.47 to 0.65, correspondingly. This denotes that the SEM values for both dimensions were 

acceptable as shown in Figures 6 and 7. There was a small error for estimating MP, particularly for the 

intermediate to the high level of MP. The researchers began to analyze the reliability coefficient using 

MRCMLM by identifying the EAP/PV. The EAP/PV values of MAP and SLO dimensions were 0.62 and 

0.57, correspondingly, which were within the acceptable criteria, and the internal consistency equal to 0.55 

was also acceptable [14], [30]. 

 

 

Table 4. The SEM 
 θMAP SEMMAP θSLO SEMSLO 

Mean score 0.02 0.49 0.00 0.62 

Standard deviation 0.62 0.04 0.70 0.03 

Maximum  -0.90 0.43 -1.33 0.47 

Minimum 1.62 0.57 1.44 0.65 

 

 

  
  

Figure 6. Standard deviation graph SEM of MAP Figure 7. Standard deviation graph SEM of SLO 
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4. CONCLUSION 

The key finding of this research was the development of an assessment tool to evaluate the seventh-

grade learners’ MP in the Khon Kaen province of Thailand. This assessment tool has been validated in three 

areas, namely validity, reliability, and item fit by following the standards for educational and psychological 

testing. Overall, the findings revealed that the assessment tool was appropriate to detect learners’ MP in both 

MAP and SLO dimensions in terms of accuracy, consistency, and stability. Furthermore, the findings also 

exhibited that MP was better measured using a multi-dimensional model rather than a uni-dimensional 

model. An implication of this study is that the MP tool can deliver rich information about those learners who 

are at the intermediate and high levels of MP. This is replicated in the findings of the SEM  in which the 

values for estimating latent ability in MAP and SLO dimensions were at the lowest range of logits (between 

0.0 to 1.5). The key contribution of this research is that the assessment tool has magnificently delivered 

determinative responses for both teachers and learners to boost their MP in the numbers and algebra strand. 

As a result, the assessment tool can be operated to assist their learning and teaching according to numerous 

proficiencies. The subsequent consequences of using a measurement test should be considered, for example: 

i) how to report and utilize the assessment simply for learners, teachers, and their parents; and ii) what is the 

amount of the learners’ growth rate, before and after using the measurement test. 
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